Abstract. We explore Tate-type conjectures over p-adic fields.
Introduction
Let F be a field and let G F := Gal(F sep /F ) be the Galois group of a separable closure F sep of F . If X is a smooth and proper variety over F and ℓ is a prime different from the characteristic p of F , then the first Chern class map gives rise to a G F -equivariant and injective homomorphism of Q ℓ -vector spaces c 1,ℓ : NS(X F sep ) ⊗ Z Q ℓ −→ H 2 et (X F sep , Q ℓ (1)) . One may ask whether this map induces an isomorphism of G F -invariants on both sides. To have a chance for this to be true, some assumption on F is needed: for example, if F is separably closed to start with, then the G F -actions on both sides are trivial. If in addition h 2 (O X ) = 0 and p = 0, then the image of c 1,ℓ is a proper subspace. In this case, the above question has a negative answer.
The Tate conjecture (for divisors).
If F is finitely generated over its prime field (for example, if F is a number field or a finite field), then the statement that the natural injective map induced by c 1,ℓ
is surjective is the Tate conjecture for divisors, see [Ta65, Ta94] . This conjecture is known to be true if X is an abelian variety and F is finitely generated over its prime field [Fa83, Ta66, Zar75] , if X is a hyperkähler variety and F is finitely generated over Q [An96, Ta89] , as well as if X is a K3 surface and F is a finite field [Ch13, KM16, MP15, Ma14, Ny83, NO85] . In [Mo17] , it has been established for surfaces X with h 2 (O X ) = 1 if F is finitely generated over Q and under the assumption that the Hodge structure on H 2 (X C , Q) varies sufficiently non-trivial in some family. We refer to [To17] for the current state of this conjecture.
The Raskind conjecture (for divisors)
. Now we consider p-adic fields, by which we shall mean finite extensions of Q p . Such fields are not finitely generated over their prime fields. Nevertheless, Raskind [Ra05] made a series of conjectures of Tate-type over such fields. In codimension one, that is, for divisors, they specialise to the following. Conjecture 1.1 (Raskind) . Let K be a p-adic field, let ℓ = p, and let X be a smooth and proper variety over K with totally degenerate reduction. Then, (⋆) is surjective.
Of course, one has to specify what one means by totally degenerate reduction: roughly speaking, Raskind requires strict semi-stable reduction, he asks for the Chow groups of all intersections of all components of the special fibre to be as trivial as possible, and he requires the special fibre to be ordinary, see [Ra05,  Section 1], [RX07a,  Definition 1], and Section 4.2 for details. Concerning the evidence:
(1) Raskind and Xarles established this conjecture in a couple of cases, such as the product of two Tate elliptic curves [RX07b] . Moreover, a somewhat related conjecture has been formulated and established in several cases, such as abelian varieties, by Tankeev [Ta81] for varieties over function fields over C. (2) On the the other hand, if ℓ = p or if X has good reduction, then Conjecture 1.1 is known (at least to the experts) to be false and we refer to Appendix A for counter-examples.
1.3. Abelian varieties. Next, let A and B be abelian varieties over a field F and let ℓ be a prime different from the characteristic p of F . Let T ℓ (−) be the Tate module of an abelian variety over F , which is a finite Z ℓ -module together with a continuous G F -action. Then, functoriality gives rise to a natural homomorphism of Z ℓ -modules
where the subscript G F on the right indicates homomorphisms that are G F -equivariant. This homomorphism is injective and its cokernel is torsion free. If F is finitely generated over its prime field, then Tate conjectured surjectivity and established it if F is a finite field [Ta66] . By now, this conjecture is fully established: for a finite field, it was shown by Tate [Ta66] , for fields finitely generated over finite fields by Zarhin [Zar75] , and for fields finite generated over number fields by Faltings [Fa83] . Again, one can ask for a p-adic version of Tate's conjecture for abelian varieties.
Question 1.2. Let K be a p-adic field, let ℓ = p, and let A and B be abelian varieties over K, both of which have totally degenerate reduction. Is it true that (⋆⋆) is surjective?
Concerning the evidence:
(1) Raskind and Xarles established Question 1.2 if both A and B are Tate elliptic curves [RX07b] . Moreover, Mumford's results on p-adic uniformisation of abelian varieties with totally degenerate reduction [Mum72b] make a positive answer plausible. (2) On the the other hand, if ℓ = p and if A and B are elliptic curves with good reduction, then Lubin and Tate [LT66] gave an example where surjectivity of (⋆⋆) fails.
Of course, the conjecture and the question are related: a positive answer to Question 1.2 implies Conjecture 1.1 for abelian varieties (by adapting classical arguments of Tate [Ta66] ). Moreover, using the Kuga-Satake correspondence [KS67] , Conjecture 1.1 for abelian varieties implies a version of Conjecture 1.1 for projective hyperkähler varieties (by adapting the arguments of André [An96] or Tankeev [Ta89] ).
1.4. Generalities and reductions. In this article, we establish some general facts about Conjecture 1.1 and Question 1.2, some of which are similar to results about the classical Tate conjecture.
(1) We study their behaviour under finite field extensions (Proposition 2.1 and Proposition 4.1). (2) We show that they imply classical Tate conjectures over number fields in some cases (Proposition 2.7 and Proposition 4.3). (3) We study the behaviour of Conjecture 1.1 under dominant rational maps, as well as under birational maps (Proposition 2.2). In some of these results, less restrictive assumptions than totally degenerate reduction suffice.
1.5. Special cases. In some simple cases, we will establish the conjecture and the question of this article by hand:
(1) Conjecture 1.1 is true for varieties with h 2 (O X ) = 0 (Proposition 2.3), which is an easy consequence of the Lefschetz theorem on (1, 1)-classes. This includes rational varieties, Fano varieties, and Calabi-Yau varieties of dimension at least three, see also Remark 2.4. (2) Conjecture 1.1 is true for varieties that are p-adically uniformisable by Drinfeld's upper half space (Proposition 2.5). This is an easy consequence of an observation of Ito [It05] that relies on a result of Schneider and Stuhler [SS91] . (3) Conjecture 1.1 is true for abelian varieties that are isogenous to products of Tate elliptic curves (Corollary 5.4). In the special case of the product of two Tate elliptic curves, this was already shown by Raskind and Xarles [RX07b] . (4) Question 1.2 is true if both A and B, are isogenous to products of Tate elliptic curves (Proposition 5.3). In the special case where A and B are Tate elliptic curves, this was already shown by Raskind and Xarles [RX07b] . It is worth noting that if A and B are Tate elliptic curves and ℓ = p, then (⋆⋆) need not be surjective, which implies that (⋆) need not be surjective for the product of two Tate elliptic curves if ℓ = p, see Appendix A.
1.6. A semi-linear incarnation of Conjecture 1.1. Let X be a smooth and proper variety over a p-adic field K with totally degenerate reduction, say, via some semistable model X → Spec O K with special fibre X 0 over the finite residue field k. In Section 3, we use Fontaine's functor D st to translate
which is the conjectural image of (⋆), into H 2 log−cris (X 0 /K 0 ) ϕ=p,N =0 ∩ Fil 1 H 2 dR (X/K), where ϕ and N denote the Frobenius and monodromy operator on log-crystalline cohomology, respectively, and Fil
• denotes the Hodge filtration. This translates Conjecture 1.1 into a "variational log-Tate conjecture" as follows:
(1) By an appropriate log-version of Tate's conjecture for X 0 over k, one might expect H 2 log−cris (X 0 /K 0 ) ϕ=p,N =0 to be equal to the Q p -span of classes of invertible sheaves on X 0 , see Section 3.
(2) Since X 0 is totally degenerate, there exists a combinatorial description of H 2 log−cris (X 0 /K 0 ), ϕ and N. In fact, this cohomology group and its operators arise naturally from a Q-vector space; a rational structure in the sense of Definition 3.4. In particular, one can be fairly explicit about the Q-span and the Q p -span of classes of invertible sheaves. (3) The intersection with the Hodge filtration Fil 1 H 2 dR (X) as a necessary and sufficient condition to deform invertible sheaves from X 0 to X in the smooth case is a theorem of Berthelot and Ogus [BO83] , which has been extended to the semi-stable situation by Yamashita [Ya11] .
Remark. Here is the crucial point: the just-mentioned theorems of Berthelot, Ogus, and Yamashita deal with the deformation of the Q-span of classes of invertible sheaves from the special to the generic fibre, whereas Raskind's conjecture predicts this to be true even for the Q p -span of classes of invertible sheaves, see Remark 3.9.
This translates Conjecture 1.1 into a question about the interplay and the intersection of certain Q-vector spaces, certain Q p -vector spaces, and the filtration step Fil 1 of a filtered (ϕ, N)-module. This leads to the notion of such a module being Raskindadmissible (Definition 3.10) and we obtain the following reformulation of Raskind's conjecture for divisors:
Theorem (Theorem 3.11). Let X be a smooth and proper variety over a p-adic field K with totally degenerate reduction. Then, the following are equivalent:
(
is Raskind-admissible with respect to the rational structure arising from X 0 .
Since (2) is a statement about filtered (ϕ, N)-modules, it is tempting to approach Conjecture 1.1 via this statement in semi-linear algebra. In fact, in Section 5.2 we make this approach work for the product of two Tate elliptic curves.
1.7. Abeloid varieties. After these preparations and reformulations, we study Conjecture 1.1 and Question 1.2 for abelian varieties.
First, there are several natural candidates for what it means for an abelian variety over a p-adic field K to have totally degenerate reduction, but they turn out to be equivalent up to base change by a finite field extension, see Proposition 4.6. It turns out that the point of view of admitting p-adic uniformisation in the sense of Mumford [Mum72b] is a convenient framework for our studies and computations.
In particular, from Section 4.3 onward, we will be working with lattices in G g m,K
and abeloid varieties, which are rigid analytic varieties over K that are not necessarily algebraic schemes. On our way, (1) we will describe the abelian groups Hom (A, B) and
for abeloid varieties over a p-adic field K in terms of their lattices (Theorem 4.7, Proposition 4.11). We note that the description of Hom(A, B) is essentially due to Gerritzen [Ge70, Ge71] , see also [Kad07] . , and Le Stum [LeS95] . As an application, we also describe
in terms of lattices (Proposition 4.16). (3) We introduce a L-invariant for abeloid varieties that generalises the L-invariant of a Tate elliptic curve. If the abeloid variety is the Jacobian J of a Mumford curve C, then we show the Coleman-L-invariant of C introduced by Besser and de Shalit [BdS16] coincides with our L-invariant for J (Proposition 4.15). Some of these results and computations may be of independent interest.
Remark. As in Raskind's conjecture above, these descriptions reformulate Question 1.2 into a question about the interplay of certain Q-vector spaces versus certain Q ℓ -vector spaces, see Section 4.6.
An abeloid variety in dimension one is the same as a Tate elliptic curve. Concerning these, we have the following result, which confirms Conjecture 1.1 and Question 1.2 and which follows from computations of Le Stum [LeS95] and Serre [Se68] .
Proposition (Proposition 5.3). Let K be a p-adic field and let A and B be abelian varieties over K, both of which are isogenous to products of Tate elliptic curves.
( We note that special cases of this result have already been obtained by Raskind and Xarles [RX07b] . Moreover, if ℓ = p, then (2) can already fail if A and B are Tate elliptic curves and thus, (1) can fail for the product of two Tate elliptic curves, see Appendix A.
In the case where X is the product of two Tate elliptic curves, we give a second proof of this proposition by explicitly computing D st (H 2 et (X K , Q p )) and the rational structure arising from the "standard" semi-stable degeneration (Proposition 5.6). As a byproduct of these computations, we show that there exist admissible filtrations on this (ϕ, N)-module that are not Raskind-admissible (Example 5.8).
We end this article by disproving Conjecture 1.1 and showing that Question 1.2 has a negative answer.
Theorem (Theorem 6.1). Let p be a prime with p ≥ 5 and p ≡ 1 mod 3.
(1) There exists a Tate elliptic curve A and an algebraisable abeloid surface B over
1.8. Equicharacteristic p > 0. In this article, we study Conjecture 1.1 and Question 1.2 over p-adic fields. Of course, they can also be formulated and studied over local fields of equicharacteristic p > 0. However, we expect that after replacing Yamashita's semi-stable Lefschetz theorem on (1, 1) classes [Ya11] with results of Morrow, Lazda, and Pál [Mo14, LP17] , one should be able to set up everything in equicharacteristic p > 0 and then, we expect that counter-examples similar to those of Theorem 6.1 and Appendix A should disprove them. 1.9. Organisation. This article is organised as follows:
In Section 2, we establish general reduction steps for Raskind's conjecture, such as the behaviour under field extensions, dominant, or birational maps. These are familiar from the analogous results for the classical Tate conjectures. We also treat several simple cases and relate Raskind's conjecture to the classical Tate conjectures over number fields.
In Section 3 we translate Conjecture 1.1 into semi-linear algebra and filtered (ϕ, N)-modules, we introduce the notion of a rational structure, and we show that Conjecture 1.1 is in fact equivalent to a problem in semi-linear algebra.
In Section 4, we first establish reduction steps for Question 1.2 similar to those in Section 2. Then, we reformulate Raskind's notion of total degeneration for abelian varieties. As a result, we focus on abeloid varieties: we describe their homomorphisms, their ℓ-adic Tate modules, and the filtered (ϕ, N)-modules associated to their p-adic Tate modules.
In Section 5, we do explicit computations with filtered (ϕ, N)-modules arising from the product of two Tate curves. This way, we prove Conjecture 1.1 for these varieties, but we also produce admissible (ϕ, N)-modules that do not satisfy a more general version of Conjecture 1.1.
In Section 6, we construct explicit examples that disprove Conjecture 1.1 and show that Question 1.2 has a negative answer.
In Appendix A, we collect examples which show that Conjecture 1.1 and Question 1.2 also have a negative answer if one allows ℓ = p or if one does not consider totally degenerate reduction. Here, we claim only little originality.
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Notations and Conventions
Throughout the whole article, we fix the following notations
the ring of Witt vectors, which we consider as subring of O K K 0 the field of fractions of W (k), which we consider as a subfield of K σ the Frobenius on W (k) and K 0 K, k algebraic closures of K and k, respectively G K , G k their absolute Galois groups ν p the extension of the standard valuation from Q p to K, that is, ν p (p) = 1 log p the Iwasawa logarithm, normalised such that log p (p) = 0
By a variety over a field F , we mean a geometrically integral scheme of finite type over Spec F . If F ′ /F is a field extension and X is a scheme over F , then we define
Generalities
In this section, we recall some generalities concerning conjectures of Tate-type for divisors. These are well-known to the experts and we do not claim much, if any, originality.
2.1. Setup. Let F be a field of characteristic p ≥ 0, let F sep be a separable closure, and let G F := Gal(F sep /F ) be its absolute Galois group. If X is a smooth and proper variety over F and ℓ is a prime different from p, then the first Chern class map induces a G F -equivariant and injective homomorphism of finite-dimensional Q ℓ -vector spaces Proof. This is well-known, but we give a proof here since we are not aware of a reference. We consider
This is not always true integrally since the Brauer group of F may be non-trivial. However, it is always true rationally since the Brauer group of a field is torsion.) Let f : X F ′ → X be the finite morphism given by the base extension. Then, f * (z) ∈ NS(X) ⊗ Z Q ℓ and c 1,ℓ (f * (z)) = nc 1,ℓ (z) = nα. Since we are working with rational coefficients, we see that α is the class of a cycle on X.
2.3. Dominant and birational maps. Next, we study the question whether surjectivity of (⋆) is preserved under birational maps and dominant maps. To do so, we adapt Tate's arguments from [Ta94] to the p-adic case. Proof. This is [Ta94, Theorem 5.2(b)] in the case that K is finitely generated over its prime subfield. Tate shows that the (⋆) is an isomorphism for X if and only if (⋆) is an isomorphism for an arbitrary dense open U ⊂ X by using the Gysin sequence for U ֒→ X. A weight argument then reduces showing that "the Tate conjecture for divisors on X is equivalent to the Tate conjecture for divisors on U" to showing that numerical equivalence coincides with ℓ-adic homological equivalence for divisors on X K , where K is an algebraic closure of K. The coincidence of numerical equivalence and homological equivalence (defined using any Weil cohomology theory) is known over algebraically closed fields, see [Ma57] or [An04, Proposition 3.4.6.1]. To prove the proposition for p-adic fields, the same proof works when K since there is an appropriate theory of weights (see [Ja10] for a summary of both cases ℓ = p and ℓ = p).
2.4. A simple case. As an easy consequence of the Lefschetz theorem on (1, 1)-classes and the Lefschetz principle, we obtain the following corollary of Proposition 2.1. Proof. Being of finite type over K, there exists a subfield F ′ ⊆ F that is finitely generated over Q such that X can be defined over F ′ . Being finitely generated over Q, we may choose an embedding F ′ ֒→ C. Let X C be the base change of a model of X over F ′ to C. Since X C also satisfies H 2 (X C , O X C ) = 0, the Lefschetz theorem on (1, 1)-cycles shows that the rank of NS(X C ) is equal to the second Betti number b 2 (X C ). Thus, already the rank of NS(X F ′ ) is equal to the
Since the Néron-Severi group is finitely generated, there exists a finite field extension
) are trivial and (⋆) is an isomorphism for X F ′′ . Thus, (⋆) is surjective for X by Proposition 2.1.
Remark 2.4. For example, this includes varieties that are birationally equivalent to smooth and proper varieties over F that are rationally connected (these satisfy H 2 (X, O X ) = 0), which includes rational and unirational varieties, and Fano varieties. It also includes geometrically ruled surfaces and Calabi-Yau varieties of dimension at least three (even in the liberal sense of varieties whose canonical divisor class is numerically trivial and that satisfy H i (X, O X ) = 0 for 0 < i < dim(X)). In particular, the conjectures of Tate and Raskind for divisor holds for these classes of varieties even without extra assumptions on finite generation of the field over its prime subfield or on total degeneration. 2.5. Drinfeld's upper half space. A second simple case is the following: let X be a smooth and proper variety over a number field F . Assume that there exists a finite extension F ⊂ F ′ and a finite place w of Proof. We consider G Fp as subgroup of G F . To check Tate's conjecture (resp. Raskind's conjecture), we are allowed finite field extensions by Proposition 2.1. Thus, we may assume that the geometric Picard ranks of F and F p are equal and already coincide with the Picard ranks over F and F p . In particular, we obtain a commutative diagram
where the downward arrows are isomorphisms: the left by assumption, the right by base-change. Moreover, the upper row is G F -invariant, the lower row is G Fp -invariant, the Galois-actions on the two Néron-Severi groups are trivial, and the whole diagram is G Fp -equivariant with respect to the inclusion G Fp ⊂ G F . We thus obtain equalities and inclusion of Galois-invariants
is an equality and the assertion follows.
A translation into semi-linear algebra
In this section, we use Fontaine's functor D st and Yamashita's p-adic semi-stable Lefschetz (1, 1)-theorem to translate Raskind's conjecture for divisors (Conjecture 1.1) into a question about semi-linear algebra and filtered (ϕ, N)-modules.
More precisely, we define the notion of a rational structure on a (ϕ, N)-module and show how the special fibre of a model X → SpecO K of some smooth and proper variety X over K with total degeneration gives rise to such a structure. Finally, we introduce the notion of Raskind-admissibility, which is the semi-linear algebra version of the Raskind conjecture for divisors on the level of filtered (ϕ, N)-modules with rational structure.
3.1. Translation into filtered (ϕ, N)-modules. Let X be a smooth and proper variety over a p-adic field K that admits a proper and semi-stable model
over the ring of integers O K of K, that is, X is a regular scheme, π is a proper and flat morphism, the generic fibre of π is isomorphic to X, and the special fibre X 0 is a semi-stable scheme over the residue field k of O K . Here, semi-stable means that X 0 is a strict normal crossing divisor. In particular, the components of X 0 are smooth and geometrically integral over k. Let W (k) be the ring of Witt vectors, which we consider as subring of O K , and let K 0 be the field of fractions of W (k). Then, K 0 is the maximal unramified extension of Q p inside K. Endow X with the log structure induced by X 0 , and let M denote the pullback of this log structure on X 0 . Then, (X 0 , M) is a fine and log-smooth log scheme over (Spec k, N → k, 1 → 0), see [HK94, 2.13.2]. We shall write
where
is equipped with a semi-linear endomorphism ϕ (Frobenius) and a linear endomorphism N (monodromy) satisfying the relation Nϕ = pϕN, making the triple
We refer to [HK94] for the details.
Since X has semi-stable reduction, the
is semistable in the sense of Fontaine for every n [Ts99] . Next, let B st be Fontaine's period ring and if V is a finite dimensional Q p -vector space with a continuous G K -action, that is, a p-adic Galois-representation, then we have a filtered (ϕ, N)-module over K
that is, a K 0 -vector space with a semi-linear operator ϕ, a linear operator N, and a filtration Fil • on this vector space tensored with K. We recall that V is said to be semi-stable if the inequality dim
is an equality. Fontaine's functor D st establishes an equivalence of categories between the category of semi-stable G K -representations and the category MF wa,ϕ,N K of admissible filtered (ϕ, N)-modules over K. We refer to [CF00] for details.
By the semi-stable comparison theorem [Ts99] , the admissible filtered (ϕ, N)-module 
Proof. This follows from the equalities and isomorphisms
by [KM74] . This explains why the dimensions of
G K behave differently for ℓ = p and ℓ = p and it also shows that for ℓ = p, these vector spaces capture information about the special fibre X 0 only. We refer to Consani's article [Co98] for background and some conjectures.
We end our discussion by presenting some probably well-known dimension estimates: since K is of characteristic zero, the Frölicher spectral sequence
In particular, by Proposition 3.1 and Remark 3.2 we obtain the dimension estimates
In the case of interest to us, that is to say when n = 2 and m = 1, this gives
3.2. Rational structures. Next, we deal with the log-crystalline cohomology of the special fibre X 0 of a proper and semi-stable model
be the decomposition of the special fibre Y = X 0 into irreducible components. For a subset J ⊂ I, we denote by Y J the intersection of all Y j with j ∈ J. Since Y is strict normal crossing, each Y J is a smooth, proper, and geometrically integral scheme over k. Moreover, we denote by
the disjoint union of all Y J 's where J has (i + 1) elements, that is, the subscript i is equal to the codimension of Y J in Y . By Mokrane [Mo93] and Nakkajima [Na05] , there exists a p-adic Steenbrink-Rapoport-Zink spectral sequence
which degenerates at E 2 . This spectral sequence is compatible with the F -isocrystal structures on both sides and induces a monodromy operator N on the right hand side. 
are isomorphisms.
Put differently, all crystalline cohomology groups of all intersections of components of Y are spanned by classes of algebraic cycles. In particular, since the Chow groups of a variety are Q-vector spaces and since the action of Frobenius on Chow groups is trivial up to Tate twist, this implies that the log-crystalline cohomology of X 0 is of a very simple form. For H 2 log−cris (X 0 /K 0 ), it leads to the following. Definition 3.4. Let k be a finite field, let K 0 = Frac(W (k)), let σ be the Frobenius on K 0 , and let H be a (ϕ, N)-module over K 0 . A rational structure on a (ϕ, N)-module H consists of a finite-dimensional Q-vector V space together with a direct sum decomposition V = A ⊕ B 0 ⊕ B 1 ⊕ C and two Q-linear endomorphisms ϕ V and N V such that
(1) N V is zero on B 1 and A, and N V induces isomorphisms
(2) ϕ V acts as identity on A, as multiplication by p on B 0 ⊕ B 1 , and as multiplication by p 2 on C.
If V is a rational structure on a filtered (ϕ, N)-module H over K 0 , then we have an isomorphism of Q p -vector spaces
For example, if m = 1 and n = 2 in Proposition 3.1 and if the (ϕ, N)-module H 2 log−cris (X 0 /K 0 ) there comes with a rational structure, then (3) makes the right hand side of (1) much easier to compute. Before establishing a natural rational structure on H 2 log−cris (X 0 /K 0 ), we need one more definition. 
followed by the p-adic spectral sequence (2) induce a natural rational structure
the smooth locus of Y and if Y is equipped with its natural log-structure, then there exist homomorphisms
where the first map is restriction and the second is an isomorphism. The p-adic spectral sequence (2) gives rise to isomorphisms
Moreover, the first Chern class maps give rise to a commutative diagram
where the images of both Chern class maps are equal to B 1 if F = Q and equal to H Proof. Using the cycle class maps, the assumption on cohomological degeneracy, and the spectral sequence (2), we obtain a Q-vector space V , such that V ⊗ K 0 is naturally isomorphic to H 2 log−cris (Y /K 0 ). Moreover, since Frobenius acts on cohomology classes of cycles by multiplication by some power of p, we obtain a direct sum decomposition V = V 0 ⊕ V 1 ⊕ V 2 of Q-vector spaces together with a linear operator ϕ V that is multiplication by p i on V i , such that the F -isocrystal structure on
. Also, the monodromy operator N and the weight filtration arise from the spectral sequence and using the Q-vector space structures, we obtain a monodromy operator on V . For details, we refer to the discussions in [BGS97, Section 1] or [Mo84] .
The fact that N 2 = 0 is equivalent to H 2 (Γ) = 0 is shown in [Mo84, §6] and although they are stated in the framework of complex geometry in loc.cit., the arguments carry over literally to our situation. This establishes claims (1) and (2).
Concerning 
To give an invertible sheaf on Y is equivalent to giving an invertible sheaf on
. In particular, we obtain an isomorphism 
where the third isomorphism is induced by the crystalline Chern class map, and is an isomorphism by the assumption that Y is cohomologically totally degenerate. The compatibility between rigid and crystalline Chern classes [Pe03, Théorème 5.
where the top arrow is induced by the inclusion O × Y ֒→ M gp (recall that M is the log structure on Y ). The surjection is the one given by the Clemens-Schmid exact sequence [CT14] . Recall from loc. cit. that this map is the composition
where the first isomorphism is because Y is proper and the second isomorphism is because (Y, M) → (Spec k, N) is log-smooth. Using the compatibility of the rigid and crystalline (resp. log-crystalline) Chern classes, one checks that the square commutes. Tensoring the square with Q (resp. Q p ) finishes the proof.
Remark 3.7. One can give an elementary argument for the surjectivity of c 1 : 
where the vertical maps are restrictions and the horizontal maps are specialisations. After these preparations, we make the following key observation.
if and only if its first Chern class satisfies
Remark 3.9. If X 0 has cohomologically totally degenerate reduction, it looks at first glance as if the combination of Proposition 3.1, Proposition 3.6, and Theorem 3.8 might prove Conjecture 1.1. However, it is crucial to note that Theorem 3.8 deals with Q-classes of invertible sheaves, whereas the other results deal with Q p -classes.
Definition 3.10. Let K be a p-adic field and let K 0 be the maximal unramified extension of
• , ϕ, N) be a filtered (ϕ, N)-module over K and let V be a rational structure on H. Then, H is called Raskind-admissible if the natural inclusion of Q p -vector spaces
is an equality.
We remark that V ϕ=p,N =0 = B 1 and H ϕ=p,N =0 = B 1 ⊗ Q p in the notation of Definition 3.4, see also Equation (3). After these preparations, we now reformulate Raskind's conjecture for divisors (Conjecture 1.1) into semi-linear algebra. In fact, the following equivalence holds under a slightly weaker assumptions than Raskind's requirement of total degeneracy. 
Next, by Proposition 3.6.(3), the first Chern class induces an isomorphism
Using the first Chern class on X we obtain a map
whose image lies inside the subspace
. Using Yamashita's theorem (Theorem 3.8), it follows that the first map in
By Proposition 3.1 and (3), we have
Combining this with equation (5), we see that the homomorphism (⋆) is surjective for ℓ = p if and only if
is surjective. In view of (6), this is equivalent to asking whether
is surjective. But this is equivalent to the rational structure V on the filtered (ϕ, N)- 
where ρ(X) denotes the Picard rank of X.
Proof. Since every component of X More precisely, we obtain a very explicit description of the filtered (ϕ, N)-module (see, for example, [Ya11] ). In our situation, the latter is isomorphic to B 1 ⊗ Q p , from which claim (3) immediately follows (noting that
. Thus, when tensored with Q p , the rational structure on D st (H 2 et (X K , Q p )) arising from X 0 has an interpretation via the logarithmic Hodge-Witt cohomology groups of the special fibre. Although this is not directly related to the conjectures discussed in this article, it might be of independent interest. 3.5. Concluding remarks. The definitions and notions of this section are a little bit ad hoc, since we only deal with Conjecture 1.1. A more conceptual approach, which would be needed when studying Raskind's conjectures for cycles of higher codimension, could proceed along the following lines:
(1) One can directly construct Q-structures on the groups H * log−cris (Y /K 0 ) using the Chow complex of [BGS97] . Moreover, these would also come with Qlinearisations of the Frobenius ϕ and the monodromy N.
(2) Concerning the definitions: one would have to define a weight w of a filtered (ϕ, N)-module (in Definition 3.4, it would be w = 2), one would have to define such a module to be of maximal nilpotent monodromy if the monodromy operator N satisfies N w = 0 and then, a rational structure would be a Q-vector space V with a direct sum decomposition into subspaces upon which ϕ V acts as multiplication by p i for i = 0, ..., w, etc. (3) For an equivalence as in Theorem 3.11, one would also need a version of Yamashita's theorem (Theorem 3.8) for deforming cycles of higher codimension. This would be a semi-stable analogue of the p-adic variational Hodge conjecture of [FM87] . This conjecture is open in codimension ≥ 1, even in the case of good reduction, but see [BEK14] for the state of the art. To keep the discussion in this section shorter, we have decided not to develop the setup in general, but to stick to the case of divisors.
Abeloid varieties
From this section on, we study abelian varieties over p-adic fields with totally degenerate reduction. More precisely, we describe their morphisms, ℓ-adic Tate modules, and the filtered (ϕ, N)-modules associated to the latter via p-adic uniformisation, that is, within the framework of abeloid varieties. The results of this section might be of independent interest and some of them might already be known to the experts.
4.1.
is a free Z ℓ -module of rank 2g. 
Proof. Suppose that (⋆⋆) with respect to
and the left-hand side is Hom(A, B) ⊗ Z Z ℓ by Galois descent for morphisms.
Remark 4.2. For abeloid varieties over p-adic fields, we will see a second proof of this result in Corollary 4.8 below. Proof. We view G Fp as a subgroup of G F . Since we are allowed to make finite Galois extensions by Proposition 4.1, we may assume that
In particular, G Fp and G F act trivially on Hom(A F , B F ). Then we have the following commutative square
where the lower horizontal arrow is a surjection by assumption. We deduce therefore that the upper horizontal arrow is a surjection. This proves the proposition because of the inclusion Hom Next, we discuss the notion of totally degenerate reduction for abelian varieties. There are several obvious candidates, all of which are stable under finite field extensions and all of which are equivalent up to finite field extensions. The following is wellknown, but maybe never explicitly stated in this way, which is why we include a short discussion with references. (1) A admits uniformisation in the sense of Mumford [Mum72b] . Proof. The assertion that all these properties are stable under finite extension are well-known or easy and we leave them to the reader. The fact that (1) and (2) are equivalent up to finite extension is the main result of [Mum72b] , see also the discussion in [Lüt16, Section 5.6].
is semi-stable and the monodromy operator N of the associated filtered (ϕ, N)-module is maximally nilpotent, that is,
The fact that (2) and (3) are equivalent up to finite extension is [Kün98] . If an abelian variety satisfies (4), then the identity component of the Néron model is semi-abelian and the triviality of the conditions on the Chow group imply that it cannot have abelian parts, and thus, (4) is equivalent to (2) and (3) up to finite extension. Conversely, if an abelian variety satisfies (3), then Lemma 4.4 applies and thus, (3) is equivalent to (4) up to finite extension, see also [RX07a, Example 1.(ii)].
Assume that the Néron model of A has semi-abelian reduction, let t be the dimension of the toric part and a be the dimension of the abelian part (and thus, g = t+a). Then, the I K -action on H From this discussion, it follows that (2) is equivalent to (5) up to finite extension and that (2) is equivalent to (8) up to finite extension.
In any case and for all i, there exist
Moreover, for all ℓ = p, the I K -actions on H í et (A K , Q ℓ ) are quasiunipotent and the G K -representations H í et (A K , Q p ) are potentially semi-stable. Replacing K by a finite extension, we may assume that all these I K -actions are unipotent for ℓ = p and all the G K -representations are semi-stable for ℓ = p.
In particular, if ℓ = p, then the
is unipotent with order of unipotency at most g. More precisely, there exists at most one Jordan block of size g × g and generalised eigenvalue 1 and there exists such a block if and only if g = t.
We leave the straight forward exercise in linear algebra to the reader. This implies that (5) is equivalent to (6) up to finite extension. Similarly, (8) is equivalent to (9) up to finite extension.
If g ≥ 2 and ℓ = p, then the
is unipotent with order of unipotency at most 3. More precisely, there are r := 1 2 t(t − 1) Jordan blocks of size 3 × 3 with generalised eigenvalue 1 and s := 2at Jordan blocks of size 2 × 2 with generalised eigenvalue 1. Then, t = r+4s 2g−2 and thus, the I K -action on ∧ 2 H 1 et (A K , Q ℓ ) encodes a and t. Again, we leave the details to the reader. These considerations show that (5) is equivalent to (7) up to finite extension. Similarly, (9) is equivalent to (11) up to finite extension.
Abeloid varieties.
From now on, we will adopt the point of view of p-adic uniformisation. In particular, this allows us to work with abeloid varieties, which are rigid analytic varieties over p-adic fields that are not necessarily algebraisable. We now establish and recall a couple of general facts about abeloid varieties.
Let q 1 , ..., q g ∈ K ×g be vectors, say q i = (q i,1 , ...q i,g ), such that ν p (q i,j ) > 1 for all i, j. Let Q = (q i,j ) ∈ M g×g (K) be the g × g-matrix, whose rows are the q i . Associated to Q, we have the matrix
By definition, the abelian subgroup Λ = q
is called a lattice, if the columns of ord p (Q) span a lattice inside R g or, equivalently, if the matrix ord p (Q) is invertible. (In the literature, this matrix is sometimes constructed with respect to a valuation ν K on K × with ν K (π K ) = 1 for some uniformiser π K ∈ O K and then, the matrix has integer entries rather then rational ones. We have decided to work with the valuation ν p instead, which rescales the classical matrix by ν p (π K ) and has the advantage of being stable under finite field extensions of K.)
Associated to a lattice Λ ⊂ K ×g , there is a rigid analytic variety over K, the abeloid variety G g m,K /Λ, see [Lüt16, Chapter 7] . The g × g-matrix Q associated to a choice of basis for Λ is called a period matrix. The algebraisable abeloid varieties are precisely the totally degenerating abelian varieties studied by Mumford [Mum72b] . Moreover, if g = 1, then a lattice Λ ⊂ K × is generated by a single element q ∈ K × with ν p (q) > 1, an abeloid variety of dimension one is always algebraisable, and these are precisely the Tate elliptic curves.
We introduce the following notation: if R is a commutative ring and if A is an R-module, then the set Mat m×n (A) of m × n-matrices with values in A is an Abelian group. Let X ∈ Mat m×n (A). Then, if M ∈ Mat s×m (R) and N ∈ Mat n×t (R) are matrices with entries in R for some s, t, then the matrix products M ⊙ X and X ⊙ N are defined. In particular, Mat n×n (A) is a Mat n×n (R)-bimodule. In the next theorem, we have R = Z and A = K × . 
In particular, (1) the natural map
Hom(A, B) → Hom(A K , B K )
is an isomorphism of abelian groups. In particular, the G K -action on the right hand side is trivial. (2) A and B are K-isogenous if and only if they are K-isogenous. (3) A is K-simple if and only if it is K-simple.
Proof. If M = (m ij ) ∈ M g×h (Z) is a g × h-matrix, then it gives rise to a map 
which implies the third isomorphism. Now, since every morphism A K → B K can be defined over some finite field extension L/K and since the above description of homomorphisms is also valid for homomorphisms over L, it follows from this description that every homomorphism Hom(A L , B L ) can be defined over K. This establishes claim (1). In particular, A and B are isogenous over K if and only if they are isogenous over K, which establishes claim (2). Finally, A is simple over K if and only if there exists no non-trivial idempotent in End(A) if and only if there exists no non-trivial idempotent in End(A K ) (by the already established (1)) if and only if A K is simple, which establishes claim (3).
We will give another description of Hom(A, B) ⊗ Q in terms of L-invariants in Proposition 4.14 below. 
Proof. We have a commutative diagram
By Theorem 4.7.
(1), the left vertical arrow is an isomorphism, from which the statement immediately follows.
4.4. The Tate module of an abeloid variety. Let A = G g m,K /Λ be an abeloid variety over a p-adic field K and let ℓ be a prime, possibly equal to p. It follows from the rigid analytic parametrisation K × g /Λ ∼ = A(K) that the Tate module T ℓ (A) sits in a short exact sequence
To describe its extension class, we follow and generalise some results due to Serre [Se68, Appendix A]. To state the result, we define µ ℓ ∞ (K) to be the group of those roots of unity of K whose order is a power of ℓ, we choose a uniformiser π K , and we denote by U
(1) := 1 + m K = 1 + π K · O K the group of 1-units of O K . Then, there exists an isomorphism of abelian groups
In the sequel, we consider the ℓ-adic completion 
In particular, ker(γ ℓ ) is finite if and only if ℓ = p. (2) Taking Galois invariants in (7), the boundary homomorphism in Galois cohomology gives rise to a homomorphism
Let e i = (0, ..., 1, 0, ...), i = 1, ...g be the standard basis of Z g ℓ . Then, the Z-span Λ ′ of {d g (e i )} i=1,...,g determines the extension class of (7).
(3) Kummer theory induces an isomorphism
( K × ℓ ) g ∼ = H 1 (G K , Z ℓ (1) g ).
Under this isomorphism, γ ℓ (Λ) is equal to Λ ′ from assertion (2). (4) The image γ ℓ (Λ) is a lattice, that is, a free Z-module of rank g. In particular, the sequence (7) does not split. In fact, there does not even exist a non-trivial and G
Proof. The description of the kernel in claim (1) (1) - (3) to arbitrary g follow immediately by taking products and we leave them to the reader. For claim (4), we note that the valuation argument used in the proof of assertion (b) of the proposition in [Se68, Appendix A.1.2] still works, when being replaced by the valuation matrix ord p (V ) associated to a period matrix V for Λ, which we introduced at the beginning of this section.
Remark 4.10. The ℓ-adic completion is explicitly given by
In this decomposition, the map γ ℓ can be understood componentwise.
As a consequence, we now describe G K -equivariant homomorphisms between ℓ-adic Tate modules of abeloid varieties. In the one-dimensional case, this result is implicit in [Se68, Appendix A.1.4]. 
Here, γ ℓ :
denotes the ℓ-adic completion from Lemma 4.9.
, we obtain a commutative diagram
for some matrices ρ, σ ∈ Mat g×h (Z ℓ ). Taking G K -invariants and passing to cohomology, it follows that the diagram (9)
commutes. By Lemma 4.9, the images of Λ Using the results and identifications of Lemma 4.9, the commutativity of the above diagram implies
with respect to the notation introduced above. Thus,
(1) h and we can find a unique matrix N ∈ Mat g×h (Z ℓ ) defining a map Z g ℓ → Z h ℓ such that the diagram (9) commutes. This commutativity implies that M and N determine a unique
The last isomorphism follows from taking valuations as in the proof of Theorem 4.7.
4.5. The p-adic Galois representations. Let A = G g m,K /Λ A be an abeloid variety over a p-adic field K and let Q A = (q i,j ) be a period matrix for Λ A . As seen in (7), the p-adic Galois representation of G K on the rational Tate module V p (A) is an extension of Q p (1) g by Q g p . We denote by log p Iwasawa's p-adic logarithm, normalised such that log p (p) = 0. Associated to this data, we construct a filtered (ϕ, N)-module over K as follows:
(1) Let V be the 2g-dimensional vector space over Q with basis x 1 , ..., x g , y 1 , ..., y g together with two linear operators ϕ, N:
that is, these operators are given by matrices
Id g×g and 0 ord p (Q) 0 0 .
We equip V K 0 := V ⊗ Q K 0 with the K 0 -linear extension N ⊗id K 0 of N and with the K 0 -semi-linear extension ϕ ⊗ σ of ϕ. Here, σ denotes the lift of Frobenius on K 0 and by abuse of notation, we will denote these extensions again by ϕ and N. This turns (V K 0 , ϕ, N) into a (ϕ, N)-module.
(2) A filtration on V K := V ⊗ Q K defined by Fil i = 0 for i ≥ 1, by Fil i = V K for i < 0, and Fil 0 is the g-dimensional K-vector space spanned by
for i = 1, ..., g. After these preparations, we obtain the following result, which was already known for Tate elliptic curves, that is, in the case where g = 1, see also Remark 4.13 below. Proof. We use the notations of [Be04, Section II.4] and generalise the computations there from g = 1 to arbitrary g. To obtain an explicit description of the rational Tate module V p (A), we fix a compatible system {ε (n) } n of p n -th roots of unity, as well as a compatible system {q (n) i,j } n of p n -th roots of q i,j . Via p-adic uniformisation, we obtain
which shows that the 2g vectors
) with i = 1, ..., g form a Z p -basis of the Tate module T p (A). Thus, if g ∈ G K , we compute
where χ :
Thus, the action of g ∈ G K on T p (A) is given by the matrix
To determine the p-adic periods, we have t = log p ([ε]) ∈ B + dR ⊂ B dR and set
were ([ q i,j ] ) and one has g(u i,j ) = u i,j + c i,j (g)t. In this explicit description, it is easy to see that the 2g vectors
These elements form a 2g-dimensional vector space, which shows explicitly that the G K -representation on V p (A) is de Rham. Now, t and the u i,j lie in the subring B + cris ⊂ B + dR and we have ϕ(t) = p · t, ϕ(u i,j ) = p · u i,j , ϕ(e i ) = e i , and ϕ(f i ) = f i , see also [Be04, Section II.4.3]. This implies 
The monodromy operator is given by
and we compute N(x i ) = 0. Rewriting y i as
By definition, the filtration on B dR is defined by Fil i (B dR ) = t i · B + dR , from which it is easy to see that the induced filtration Fil i on the K-span of the x i , y i , that is, the intersection with t i · B + dR , is zero for i ≥ 1 and it is equal to the whole space for i < 0. Moreover, the elements
0 , see also [Be04, Section II.4.3] and we leave it to the reader to show that these g vectors actually span Fil 0 . This establishes the claim and we see from these explicit computations that the G K -representation on V p (A) is semi-stable. We remark that the semi-stability of V p (A) is a special case of [CN17, Corollary 5.26].
Remark 4.13. For Tate elliptic curves, this result was established by Le Stum [LeS95, Section 9] and our computations extended the exposition in [Be04, Section II.4]. For the description of ϕ and N, we also refer to [Co00, CI99]. Since we followed the exposition for Tate elliptic curves in [Be04, Section II.4], we have chosen to use the notation found therein. We note that
and also that W ( E + ) is commonly referred to as A inf .
We end this discusssion by an analogue of Proposition 4.11 in the context of filtered (ϕ, N)-modules. Before stating the result, we extend the definition of the L-invariant of a Tate elliptic curve [MTT86, Ch. II §1] to abeloid varieties of aribitrary dimension: if Q A is a period matrix for the abeloid variety
Here, log p (Q A ) denotes the matrix obtained by applying log p to every entry of Q A . Note that by a definition of period matrices, ord p (Q A ) ∈ Mat g×g (Q) is an invertible matrix.
Proposition 4.14. Let A = G (
In particular, this describes how L transforms under a change of period matrix of one abeloid variety. (2) There exists an isomorphism of Q-vector spaces
Hom(A, B) ⊗ Z Q ∼ = {M ∈ Mat g×h (Q) | L(Q A ) · M = M · L(Q B )} .
In particular, A and B are isogenous if and only if g = h and there exists a
Proof. We start with the following computation: let R be a subring of Q p , let A = G g m,K /Λ A and B = G h m,K /Λ B be abeloid varieties, and let Q A and Q B be period matrices. Moreover, let M ∈ Mat g×h (R) be a matrix such that there exists a N ∈ Mat g×h (R) with
We have seen in the proof of Theorem 4.7 that we have
−1 in this case, which then yields
Taking the Iwasawa logarithm on both sides, we obtain
This already implies claim (1): if A ∼ = B, then we can find M, N ∈ GL g (Z) satisfying equation (10) and the assertion follows. We now establish claim (2): given a homomorphism Hom(A, B) ⊗ Q, there exist by Theorem 4.7 two matrices M, N ∈ Mat g×h (Q) that satisfy (10). By the above computations, we find that
Conversely, assume that we are given a matrix
−1 and find
which shows that
Using properties of the Iwasawa logarithm, this shows that there exist roots of unity ε i,j ∈ K such that the (i, j) entries of the matrices Q A ⊙ M and N ⊙ Q B differ by the factor ε i,j , see also the proof of [LeS95, Proposition 6]. Thus, if R is a positive integer such that ε 
Proof. (We refer the reader to [BdS16, §2.1 and §2.2] for a summary of the de Rham cohomology of varieties that are uniformised by Drinfeld upper half spaces, and also for the appropriate references to the literature.) Since we only consider de Rham cohomology in cohomological degree 1, we are in the situation d = 1 and i = 0 in the notation of [BdS16] . We have already fixed a uniformiser of K, so we shall drop this label from the notation of [BdS16] . In summary, we simplify the notation by setting
is the map induced by the monodromy operator on the graded pieces of the covering filtration, using the fact that the covering filtration coincides with the weight filtration up to a shift in index. It is an isomorphism by the monodromy-weight conjecture, which is a theorem in our situation. The covering filtration is opposite to the Hodge filtration, which gives the identifications
The monodromy operators of C and J coincide under the identification [CI99, §3] . Choose a period matrix Q J of J. Then we have computed in Theorem 4.12 that ν is given by the matrix ord p (Q J ).
The map λ Col : gr
is defined using harmonic cochains on the Bruhat-Tits building T of PGL 2 (K) and the identifications gr
and gr
(this is independent of the choice of z ′ ), and for α, β ∈ Γ, define
Then, Λ J is generated by elements of the form Q α,β , that is the Q α,β form a period matrix Q J for J [GvdP80, Ch. VI §2]. Recall as well that H 0 (C, Ω 1 C/K ) is generated over K by differential forms of the form
Using the notation of [Gro00] , all paths γ are linear combinations of the paths of the form [z, β · z] with β ∈ Γ, and hence to compute λ Col we see that it suffices to calculate
Altogether, we see that
We now return to our discussion of 4.11 in the context of filtered (ϕ, N)-modules. 
we see that it suffices to assume D = D ′ , ϕ = ϕ ′ , and F = F ′ . Recall that the Frobenius operator is semi-linear with respect to σ by definition, that is, F M = σ(M)F . This together with condition F M = MF shows that σ(M) = M, which proves the claim. Now let us return to the explicit description of Hom MF
). Using the bases from Section 4.5, we see that giving an element of this space is equivalent to giving a matrix M ∈ Mat 2g×2h (Q p ) that satisfies the following three conditions
We see that (a) holds if and only if M is of the form ( X 0 0 Y ) for some matrices X, Y ∈ Mat g×h (Q p ). It then follows from (b) and (c) that to give an element of Hom MF
and
Since Q B is a period matrix, ord p (Q B ) is invertible, and we find Y = ord p (Q A ) · X · ord p (Q B ) −1 . Plugging this into (e), the proposition follows. (1) Under the identifications of Theorem 4.7 and Proposition 4.11 the homomorphism (⋆⋆)
is given by the homomorphism
(2) Moreover, if ℓ = p, then under the identifications of Theorem 4.7 and Proposition 4.16, the analog of homomorphism (⋆⋆)
is given by
This gives reformulations of Question 1.2 in terms of linear algebra. Note that it is particularly easy to see that (⋆⋆) is injective in some of these reformulations. We also see that the surjectivity of (⋆⋆) is equivalent to the interplay of Q-structures versus Q ℓ -structures, which is similar to Raskind-admissibility and the results of Section 3. In Lemma 4.9 and Remark 4.10, we have seen that γ ℓ behaves very differently depening on whether ℓ = p or ℓ = p:
(1) In Proposition A.4, we will see that surjectivity of (⋆⋆) may fail if A and B are
Tate elliptic curves and ℓ = p. (2) Surjectivity of (⋆⋆) may look plausible if ℓ = p: we will give a positive result in Proposition 5.3 below and disprove it in general in Theorem 6.1.
Products of Tate elliptic curves
In this section, we use the results of the previous section to study Raskind's conjecture for divisors (Conjecture 1.1) and Question 1.2 for abelian varieties that are isogenous to products of Tate elliptic curves. For the product X of two Tate elliptic curves, we determine the rational structure on the filtered (ϕ, N)-module D st (H 5.1. Products of Tate elliptic curves. We recall that a Tate elliptic curve over a p-adic field K is the same as an abeloid variety of dimension one over K. In particular, they are of the form E(q) := G m,K /q Z for some q ∈ K × with ν p (q) > 0. As in the previous section, we set L(x) := log p (x)/ν p (x).
Theorem 5.1 (Le Stum, Serre). Let E(q i ), i = 1, 2 be two Tate elliptic curves over a p-adic field K associated to q i ∈ K × with ν p (q i ) > 0. Then, the following are equivalent:
(1) E(q 1 ) and E(q 2 ) are isogenous.
(2) There exist positive integers A i , i = 1, 2 such that q Remark 5.2. In fact, using the results from Section 4, it is easy to deduce the equivalence (1) ⇔ (2) from Theorem 4.7, to deduce the equivalence (2) ⇔ (3) from Proposition 4.11, to prove the equivalence (1) ⇔ (4) using Proposition 4.14, and to prove the equivalences (3) ⇔ (4) ⇔ (5) using Theorem 4.12.
Concerning Question 1.2, we have a positive answer in the following special case. 
If A is isogenous to a product i=1 E(q i ) of Tate elliptic curves, then an isogeny gives rise to an isomorphism of p-adic G K -representations
We are thus reduced to the case where both A and B are Tate elliptic curves. If they are not isogenous, then Hom(A, B) = 0 and Hom(V p (A), V p (B)) = 0 by Theorem 5.1. On the other hand, if they are isogenous, then we have Hom(A, B) = Z and Hom(V p (A), V p (B)) = Q p . This verifies the claim in both cases and the proposition follows.
As a corollary, we establish Conjecture 1.1 in a special case. Proof. First, we may and will assume that A is in fact isomorphic to a product of Tate elliptic curves. Next, it is well-known how to deduce surjectivity of (⋆) from the surjectivity of (⋆⋆):
The homomorphism
where A denotes the dual abelian variety, where the surjection in the bottom row is mapping onto a direct summand in the Künneth formula, and where α is an isomorphism induced by the Weil pairing. Moreover, the map ̟ is induced by λ → (λ × id) * P, where P denotes the Poincaré line bundle on A × A. Since an elliptic curve is isomorphic to its dual elliptic curve, it follows that A is isomorphic to A. Thus, by Proposition 5.3, the homomorphism (12) becomes an isomorphism after taking G K -invariants. From this, we conclude that c 1,p induces an isomorphism
This is Conjecture 1.1 for A ×Â. It therefore suffices to show that this implies Conjecture 1.1 for A, which immediately follows from the decomposition
, and Proposition 5.3. In Appendix A, we will see that both results fail to be true if ℓ = p.
5.2.
The product of two Tate curves. Let E(q) := G m,K /q Z be the Tate elliptic curve associated to an element q ∈ K × with ν p (q) > 0. Associated to q, we construct a filtered (ϕ, N)-module as follows
(1) Let V be a 2-dimensional vector space over Q with basis e 1 , e 2 together with two linear operators ϕ, N defined by ϕ(e 1 ) = e 1 ϕ(e 2 ) = p · e 2 N(e 1 ) = 0 N(e 2 ) = e 1 .
We equip Next, let q i ∈ K × with ν p (q i ) > 0 for i = 1, 2, let E(q i ) be the assocated Tate elliptic curves over K, and set X := E(q 1 ) × E(q 2 ). Then, we have the following description of the filtered (ϕ,
, 2 be two 2-dimensional vector spaces with bases {e
2 }, Frobenius, monodromy, and filtration on V (i) ⊗ K associated to q i as above.
) is a 6-dimensional Q-vector space with basis a = e 
1 ∧ e
1 ∧ e (2) 2 c = e
2 ∧ e
2 .
We set 
Similarly, we obtain a linear endomorphism N W with
We extend ϕ W semi-linearly and N W linearly to W ⊗ K 0 and thus obtain a (ϕ, N)-module. 
2 ∧ e (2) 1
To explain Fil 1 , we note that since W = ∧ 2 V , the wedge product induces a non-degenerate symmetric bilinear form W × W → ∧ 4 V ∼ = Q. Then, Fil 2 is isotropic with respect to this pairing and it is easy to see that
Thus, we obtain a filtered (ϕ,
Lemma 5.5. This just-constructed filtered (ϕ, N)-module together with its rational structure is Raskind-admissible. More precisely, we have
Proof. First, we note that an element lies in Fil 1 if and only if it has zero intersection with the vector (13). This makes computations very easy.
If L(q 1 ) = L(q 2 ), then B 1 ⊂ Fil 1 from which the claim on the dimension and Raskind-admissibility easily follows.
If
Together with the previous inequality, this implies that we have equality everywhere and establishes the claimed dimension, as well as Raskind-admissibility.
Proposition 5.6. Let K be a p-adic field, let q i ∈ K × with ν p (q i ) > 0 for i = 1, 2, let E(q 1 ), E(q 2 ) be the associated Tate elliptic curves over K, and set X := E(q 1 ) ×E(q 2 ).
(1) X admits a proper and semi-stable model X → Spec O K , whose special fibre X 0 is cohomogically totally degenerate. (2) The filtered (ϕ, N)-module D st (H Then, v is isotropic with respect to the pairing introduced at the beginning of Section 5.2, which allows us to define a filtration on V ⊗ K via
This filtration is admissible by Proposition 5.9 below. We leave it to the reader to check that
• is not Raskind-admissible. Varying γ and λ, we obtain a whole family of such modules.
5.3. Admissibility. Given a (ϕ, N)-module and a rational structure in the sense of Definition 3.4 with dim A = dim C = 1, we now address the question when a filtration over K is ordinary in the sense of Perrin-Riou [PR94] . We have the following result, which should be the framework for rational structures on D st (H 2 et (X K , Q p )) where X is a smooth and proper surface over K with cohomological total degeneration and h 0,2 = h 2,0 = 1 (that is, p g = 1 in classical terminology). 
where B = B 0 ⊕ B 1 , In particular, Fil 2 is one-dimensional and thus, generated by one element v ∈ V ⊗K. Being ordinary, we have v ∈ (A ⊕ B) ⊗ K. Thus, after possibly rescaling, we may assume that v is of the form v ′ + c for some v ′ ∈ (A ⊕ B) ⊗ K and this vector is unique. This establishes claim (1).
If v ∈ V ⊗ K satisfies Q(v, v) = 0, then Fil 2 := Kv is contained in Fil 1 := (Kv) ⊥ , and we obtain a filtration. Since Q is non-degenerate, it follows that (Kv)
⊥ is of codimension 1 in V ⊗ K. If v is moreover of the form (14), that is,
• is ordinary and establishes claim (2). We leave the remaining assertion to the reader. 
Then, U is a quasi-affine scheme of dimension (s + 1) over Q, whose K-rational points are in bijection to ordinary filtrations Fil
A counter-example
For abelian varieties that are isogenous to products of Tate elliptic curves, we established Raskind's conjecture for divisors (Conjecture 1.1) and showed that Question 1.2 has a positive answer in the previous section. In this section, we will show that in general, Question 1.2 has a negative answer and that in general Raskind's conjecture for divisors is false. 6.1. Totally degenerate reduction and ℓ=p. In view of Proposition 5.3, the first place to look for counter-examples are abeloid surfaces over p-adic fields. 
are not surjective. In particular, (⋆⋆) is not surjective and Question 1.2 has a negative answer for ℓ = p. Proof. Let ε ∈ 1 + p · Z p be a non-trivial p-adic unit, set q 1 := p, and set q 2 := ε · p. Let A := E(q 1 ) be the Tate elliptic curve over Q p with respect to the lattice q In particular, this matrix has actually coefficients in Q × p rather than merely in Q × p , see also Remark 4.10. Moreover, the valuation ν p : Q × p → Q sends V B to the identity matrix. Since V B is a symmetric matrix and since it is definite with respect to the Q-linear functional ν p , it is a Riemann matrix in the sense of Gerritzen [Ge71] . We let B be the abeloid surface over Q p associated to V B . By [Ge71, Theorem 11], this surface is algebraisable, that is, B is an abelian surface over Q p .
In order to determine Hom(A, B) and Hom G Qp (T p (A), T p (B)), we are looking at the equation
Taking valuations, we find x = x ′ and y = y ′ . To avoid trivialities, we will also assume that a = 0 and b = 0, which leads to the general solution
Since there is always the p-adic solution x = a, y = b, Proposition 4.11 implies that Hom(V p (A), V p (B)) is non-zero and in fact, isomorphic to Q p . On the other hand, Theorem 4.7 implies that Hom(A, B) ⊗ Q is non-zero if and only we can find a solution with x ∈ Q and y ∈ Q. Thus, Hom(A, B) ⊗ Q is non-zero if and only if a/b ∈ Q. In order to establish the first claim, we have to show that we can find v 1 , v 2 ∈ Z p that satisfy all the restrictions we made during the previous discussion and such that a/b = (2v Similarly, to compute the endomorphism algebras End(B) ⊗ Q and End G Qp (V p (B)), we have to solve the equation
for 2 × 2-matrices C and C ′ with entries in Q and Q p , respectively. Taking valuations, we find C = C ′ . Moreover, if C = (c ij ) 1≤i,j≤2 , then we leave it to the reader to show that the general solution is given by c 12 = c 21 and c 22 − c 11 = c 12 · b 2 − a 2 ab .
We thus always have the solution c 12 = c 21 = 0 and c 11 = c 22 , that is, multiplication by a scalar. If (b 2 − a 2 )/(ab) does not lie in Q (which is the case if v 1 = 2 and v 2 = √ −3), then these are the only solutions in Q, that is, End(B) ⊗ Q ∼ = Q. On the other hand, the above equation always has more solutions in Q p , that is, End(V p (B)) is strictly larger than Q p .
These computations establish the first claim. The second claim follows from the first claim by the same arguments as in the proof of Proposition 5.4. Proposition A.1. Let K be a p-adic field, let E be an elliptic curve over K with good reduction, and let E 0 be the special fibre of its Néron model. If E 0 is supersingular or if E 0 is ordinary and E does not have CM, then (⋆) is not surjective for X = E × E and ℓ = p and (⋆⋆) is not surjective for A = B = E and ℓ = p.
Proof. The first claim follows from the second claim by the same arguments as in the proof of Proposition 5.4. Therefore, it suffices to show that the natural map End(E) ⊗ Z Q ℓ → End G K (V ℓ (E)) is not surjective.
First, assume that E 0 is supersingular. Then, End(E 0 ) is an order in a quaternion algebra and thus, End(E 0 ) ⊗ Q ℓ is 4-dimensional. Hence, End G K (V ℓ (E)), which is isomorphic to End G k (V ℓ (E 0 )), is 4-dimensional by Tate's theorem [Ta66] . On the other hand, End(E) is isomorphic to Z or to an order in a quadratic imaginary field, which implies that End(E) ⊗ Q ℓ → End G K (V ℓ (E)) cannot be surjective.
Similarly, if E does not have CM, then End(E) ⊗ Q ℓ = Q ℓ . Moreover, if E 0 is ordinary, then End G k (E 0 ) is an order in a quadratic imaginary field and End G k (E 0 )⊗Q ℓ is 2-dimensional.
A.2. Good reduction and ℓ=p. Next, we show that Conjecture 1.1 and Question 1.2 have a negative answer if ℓ = p and in the case of good reduction.
Proposition A.2. Let K be a p-adic field and let E 0 be an ordinary elliptic curve over k.
(1) Let A be a lift of E 0 over K with CM, for example, the canonical lift, and (2) let B be a lift of E 0 over K without CM. Then, (⋆) is not surjective for X = A × B and ℓ = p and (⋆⋆) is not surjective for A, B, and ℓ = p.
Proof. The first claim follows from the second claim by the same arguments as in the proof of Proposition 5.4. Therefore, it suffices to show that the natural map Hom(A, B) ⊗ Z Q p → Hom G K (V p (A), V p (B)) is not surjective.
Since A cannot be isogenous to B, the source Hom(A, B) ⊗ Z Q p is trivial. Next, for E ∈ {A, B} there exists a short exact sequence of p-adic G K -representations
More precisely, X corresponds to the Tate module associated to the connected component of the p-divisible group E 0 [p ∞ ] and Y corresponds to the Tate module associated to theétale quotient. In particular, the G K -representations X and Y only depend on E 0 and not on the choice of lift E. Moreover, the sequence of G K -representations (15) splits if and only if the lift of E 0 has CM, that is, it splits for A but not for B. We refer to [Se68, Appendix A.2.4] for details and proof. But this implies that the target Hom G K (V p (A), V p (B)) is non-trivial: taking the monomorphism X → V p (B) from (15) and the zero map Y → V p (B), we obtain a non-trivial and G K -equivariant map
This establishes the second claim.
Remark A.3. In [LT66, §3.5], Lubin and Tate constructed elliptic curves E over padic fields having good and supersingular reduction such that the the monomorphism
is not surjective. Therefore, (⋆) is not surjective for X = E × E and ℓ = p and (⋆⋆) is not surjective for A = E, B = A, and ℓ = p. Proof. Let ε ∈ 1 + p · Z p be a non-trivial p-adic unit and let A := E(p) and B := E(ε · p) be the Tate elliptic curves associated to p ∈ Q We let γ ℓ be the ℓ-adic completion from Lemma 4.9. By Proposition 4.11, we have
By Lemma 4.9 and Remark 4.10, we have γ ℓ (ε) = 1, that is, we have γ ℓ (p) = γ ℓ (ε · p), which implies that Hom G K (T ℓ (A), T ℓ (B)) is non-zero (in fact, isomorphic to Z ℓ ).
A.4. Independence of ℓ. From the previous computations, we conclude that also "independence of ℓ" fails in the p-adic world, see also Remark 3.2 and the subsequent discussion.
Proposition A.5. For every prime p, there exist Tate elliptic curves A and B over Q p , such that
In particular, this dimension depends on the prime ℓ.
Proof. Let A and B the Tate elliptic curves from the proof of Proposition A.4. There, we have seen that A and B are not isogenous and that Hom G Qp (V ℓ (A), V ℓ (B)) is one-dimensional if ℓ = p. On the other hand, since A and B are not isogenous, Hom G Qp (V p (A), V p (B)) is zero by Proposition 5.3. The arguments from the proof of Proposition 5.4 show that the sought Q ℓ -dimensions are equal to 2 + dim Q ℓ Hom G K (V ℓ (A), V ℓ (B)) and the claim follows.
